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Abstract 
Tapering beams are used in diversities for their economic, aesthetic and other 
considerations in architecture, aeronautics, robotics and other innovative engineering 
applications. More recently they have been the subject of numerous studies. Present study deals 
with the vibration and buckling behavior of linearly tapered beams with single open transverse 
cracks. The variety of natural frequency and buckling load with distinctive parameters including 
relative crack depth, position of cracks and the slope of the beam are analyzed using finite 
element methods (FEM). A Matlab code is developed for the computation of natural frequencies 
and buckling loads of the cracked beam. Crack in the beam is represented by a rotating spring in 
line with T. D. Chaudhari, S. K. Maiti (1999). Stiffness matrix of the cracked tapered beam 
element is obtained from the flexibility matrix of the intact beam and the additional flexibility 
matrix due to crack. Free vibration frequencies and buckling load of a cracked cantilever beam 
reduce with an increase in crack depth. And also frequencies reduce more with the crack located 
nearer to the fixed end than the free end. For an intact tapered beam the frequencies vary more 
for the depth ratio compared to breadth ratio. The free vibration frequencies of a single cracked 
beam also vary more for depth ratio compared to breadth ratio. The vibration results can also be 
utilized as a tool for structural health monitoring, testing of structural integrity, execution and 
safety. 
Keywords: tapered beam, natural frequency, buckling, FEM, crack etc.   
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NOMENCLATURE 
Description Symbols 
Moment of inertia at the fixed end 
Io 
Moment of inertia at the free end 
Il 
Width of the beam at the fixed end 
bo 
Width of the beam at the free end 
bl 
Depth of the beam at the fixed end 
ho 
Depth of the beam at the free end 
hl 
Cross-sectional area at length x from free end 
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Dimensionless number (ho/ hl)-1 
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Nodal degree of freedom vector 
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Hermitian shape function 
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Chapter 1 
INTRODUCTION 
1.1. Introduction 
 It is known that beams are the basic structural components and can be classified 
according to their geometric configuration. They are usually uniform or non-uniform, and 
slender or thick. Non-prismatic members are increasingly being used in diversities as for their 
economic, aesthetic, and other considerations. If we analyze the non-uniform beams more 
practically provide a better or more suitable distribution of mass and strength than uniform 
beams and therefore can meet special functional requirements in architecture, aeronautics, 
robotics, and other innovative engineering applications and they have been the subject of 
numerous studies. Tapered beam have functions in turbine machinery. For long spans, tapered 
beams are the alternatives for uniform beams, which give economically good results. 
The design of the structures to resist dynamic forces, such as wind and earthquakes, 
requires knowledge of their natural frequencies and the mode shapes of vibration. Identification 
of defects like crack in a beam from the vibration pattern is a subject of interest for many 
researchers. Present study enables possible detection of the crack based on the measurement of 
natural frequencies. In this study modeling of a tapered beam of linearly variable depth and 
constant thickness with crack normal to the axis is performed by FEM in Matlab environment. 
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Chapter 2 
LITERATURE REVIEW 
2.1. Introduction 
Many engineering structures may have structural defects such as cracks due to 
mechanical vibrations, environmental attack, corrosion, long term service and cyclic load etc. A 
crack on a beam element introduces local flexibility due to strain energy concentrations in the 
vicinity of the crack tip under the load. This flexibility changes the dynamic behavior of the 
beam. The dynamic characteristics of cracked beams are of considerable importance in many 
designs. 
2.2. Literature Review 
Wang and Worley (1966) gave a report on tables of natural frequencies and nodes for 
transverse vibration tapered beams by considering the cross sectional area bounded by a curve 
1












b
z
h
y
,  h & b are the thickness and width varying along the beam according to the 
relations,








l
x
hh 0 , 








l
x
bb 0 Where, β, γ and φ are the positive constants not necessarily 
integers. Gupta (1985) derived the stiffness and consistent mass matrices for tapered beam with 
linearly variable cross-sectional elements in explicit form. He derived expression for any type of 
cross sectional area. He obtained Numerical results of free vibration for some tapered beams 
using the derived matrices. These obtained results are compared with the analytic solution of 
uniform beam elements. Convergence characteristics and solution accuracy are examined. Rosa 
and Auciello (1996) examined the dynamic behavior of tapered beams with variable cross-
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section. He considered the ends of the beams to be flexible both rotationally and axially. For this, 
they used Bessel functions for solving equation of motion. When they applied boundary 
conditions, the equation obtained is a function of four flexibility functions. The cross sectional 
parameters such as height and depth are linearly varied. Chaudhari and Maiti (1999) proposed 
the transverse vibration of the tapered beam with constant thickness and linearly variable depth 
with an `open' edge crack present normal to its axis. They introduced the concept of rotational 
spring to represent the crack section. The Frobenius method was used to detect the possible 
location of the crack. A number of numerical examples are discussed to show the effectiveness 
of the inverse problem. Crack sizes varying from 10-15% of depth have been examined. 
Bazoune et. al.  (2001) used the finite element method to develop a method for dynamic 
response of spinning tapered Timoshenko beam. They considered the effects of Coriolis forces, 
rotary inertia, shear deformation, angular setting, taper ratios and hub radius of the beam while 
developing the equations of motion. The values obtained by this method are less accurate. 
Radhakrishnan (2004) studied the resonance response of a cracked cantilever beam of 
rectangular cross section. The method is based on fracture mechanics quantities like stress 
intensity factor, strain energy release rate, and compliance. With the increase in crack length the 
fundamental frequency decreases, thus stiffness also decreases. They showed that when the 
amplitude of vibration increases the natural event of resonance gets shifted with increase in 
length of the crack. Behzad et. al. (2005) developed the equations of motion with the 
corresponding boundary conditions for free bending vibration of a beam in the presence of an 
open edge crack. They used the Hamilton principle for this implementation. The crack has been 
demonstrated as a continuous disturbance function in displacement field which could be acquired 
from fracture mechanics. Daniel J. Marquez-Chisolm (2006) presented the torsion response 
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and dynamic nonlinear bending of a cantilever beam. The natural frequencies are measured in 
the flatwise and edgewise headings at diverse static root pitch angles with differing levels of tip 
weights. The deliberate natural frequencies were contrasted with linear equations of motion, a 
nonlinear computer model and past tests to confirm the nonlinear effects of root pitch angle and 
tip weights. Kukla and Zamojska (2006) applied green‟s function method to a free vibration 
problem of a system of non-uniform beams coupled with non-homogeneous elastic layers. The 
frequency equation is obtained by using a quadrature rule of a Newton-Cotes type. Mazanoglu 
et. al. (2008) paper presented the energy-based method for the vibration identification of non-
uniform Euler-Bernoulli beams having different open cracks. The dissemination of energy 
expended is dictated by considering the both strain change at the cracked beam surface and 
extensive impact of the stress field created by the angular displacement of the beam because of 
bending. The Rayleigh-Ritz approximation strategy is utilized as a part of the analysis. They 
discussed about the impact of vibration amplitude on the nonlinear frequency. Karaagac et. al. 
(2009) examined the effects of crack ratios and positions on the fundamental frequencies and 
buckling loads of slender cantilever Euler beams with a single edge crack both experimentally 
and numerically utilizing the finite element method, based on energy approach. The 
administering matrix equations are gotten from the standard and cracked beam elements joined 
with the local flexibility concept. The analyses are directed utilizing examples having edge 
cracks of distinctive depths at diverse positions to accept the obtained numerical results. Rezaee 
and Hassannejad (2010) proposed energy balance method for free vibration analysis of cracked 
cantilever by considering both the damping due to the crack and structural damping. The 
stiffness changes in the crack location are thought to be a nonlinear amplitude dependent 
function which causes the frequencies and mode shapes of the beam to change constantly with 
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time. Bayat et. al. (2010) published their journal on analytical study of tapered beam vibration 
frequencies. The considered represents the governing equation of the nonlinear, extensive 
amplitude free vibrations of tapered beams. They actualized another system called Homotopy 
Perturbation Method (HPM) over the antiquated Chinese technique called the Max-Min 
Approach (MMA). Cheng et. al. (2011) studied the vibration characteristics of the cracked 
rotating tapered beam are explored by the p-version finite element method. The shape functions 
enhanced with the shifted Legendre orthogonal polynomials are employed to represent the 
transverse displacement field within the rotating tapered beam element. The crack element 
stiffness matrix and the p version finite element model of the basic framework are gotten by 
utilizing fracture mechanics and the Lagrange equation, respectively.  The impacts of crack 
location, crack size, rotating speed and  hub radius on vibration qualities of a cracked rotating 
tapered beam are investigated. Achawakorn and Jearsiripongkul (2012) introduced an 
approximate method to analyze uniform and non-uniform beam. Euler-Bernoulli thin beam 
equation is the base of the differential equation formation. This analytical method gives 
approximate results at the highest degree of calculations. Galerkin‟s method is used in this 
analysis. Auciello (2013) analyzed the free vibration characteristics of rotating tapered Rayleigh 
beam. He proposed two approaches to the dynamic analysis of rotating beam. One is 
discretization “CDM” method and the other is a vocational Rayleigh–Ritz like method. The 
parameters for the hub radius, rotational speed and taper ratio are incorporated. Jawad (2013) 
studied the free vibration and buckling behavior of a non-uniform Euler-Bernoulli beam under 
various degrees of flexural bending and tapered parameter. His studies concluded that the natural 
frequency and buckling load decrease with increasing the tapered parameter and degree of 
flexural stiffness of tapered beams. Trahair (2014) analyzed the the elastic in-plane bending and 
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out of-plane buckling of indeterminate beam structures whose members are having tapered and 
of mono-symmetric I cross-section with efficient finite element method. Tapered finite element 
formulations are created by numerical integration rather than the closed forms. The common 
approximation in which tapered elements are supplanted by uniform elements is indicated to 
converge gradually, and to prompt off base forecasts for tapered mono-symmetric beams. 
2.3.Objective and Scope of the Present Investigation 
As per review of the previous literature, no work was done in the field of parametric study of 
the free vibration and buckling analysis of the tapered beam by finite element analysis. Hence 
present study mainly focused on, 
 Free vibration study of a tapered cantilever beam with and without a transverse open 
crack. 
 To study the buckling of a tapered beam in the presence of a single edge crack normal to 
the axis. 
 The influence of various geometric features like taper ratio, crack length and location of 
the crack, etc. on the free vibrations and static stability to be investigated analytically. 
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Chapter 3  
THEORITICAL MODELLING OF A TAPERED BEAM 
3.1.  Linearly Tapered Beam Element 
The beam element is assumed to be associated with two degrees of freedom, one rotation 
and one translation at each node. The location and positive directions of these displacements in a 
linearly varying tapered beam element are demonstrated in fig below. Some commonly utilized 
cross-sectional shapes of beams are demonstrated in Table.  The depths of the cross sections at 
the ends are represented by h1 (at fixed end) and h2 (at free end), similarly the widths at the ends 
are represented by b1 (at fixed end) and b2 (at free end) respectively. Length of the beam is taken 
as „l‟. The axis about which bending is assumed to occur is demonstrated by a line in the center 
coinciding with the neutral axis. 
In most of the cases, the variation in cross-sectional area along the length is taken from the 
accompanying equation, 
 
m
lx
l
x
rAA 





 1  (3.1) 
And the variation in moment of inertia along the length is represented by the following equation, 
 
n
lx
l
x
rII 





 1  (3.2) 
Where,  
 1
l
o
h
h
r  (3.3) 
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Ax, Ix are the cross sectional area and the moment inertia at a distance x from the smaller end. 
Here, m and n are the shape factors that are depending on the shape of the cross section and the 
dimension of the beam. The shape factors can be assessed theoretically by the Eq. 3.1 and 3.2. 
As we apply the boundary conditions for the beam, Ax=Ao and Ix=Io at x=l, which results the 
following equation, 
 













1
ln
ln
h
h
A
A
m
o
l
o
, 













1
ln
ln
h
h
I
I
n
o
l
o
 
(3.4) 
 
Figure 3-1 Different shapes of cross section of tapered beam with corresponding 
shape factors  [11]   
Consequently, the shape factors can be found effectively regardless of the cross-section 
using the dimensions of at the ends. Calculation of shape factors (m and n) from Eq. 3.4 
uncovers that the expressions for Ax and Ix are definite at both ends of the beam. At times 
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concerning beams of I-section (fig. 3.1), it has been found that, at points in the middle of along 
the beam, Ax and I will go amiss somewhat from the true values. The degree of this deviation is 
very little and for beams of every single normal extent, Eq. 3.1 and 3.2 gives estimations of the 
area and moment of inertia at each section along the beam inside of one percent of deviation, 
which can be disregarded, of the true values. The dimensionless shape factors m, n varies in 
between 2.2 -2.8. 
For the following theoretical analysis a rectangular beam with a linear variable width and 
depth is considered. 
3.2.  Governing Differential Equations of motion of Tapered Beam 
A general Euler‟s Bernoulli beam is assumed which is tapered both in horizontal as well 
as vertical linearly. 
 02
2
2
2
2
2


















t
y
g
A
x
y
EI
x
x
x

 (3.5) 
The width and depth vary linearly given by, 
 
  lxhhhh ol /1  
  lxbbbb ol /1  
(3.6) 
The corresponding area and moment of inertia varying accordingly, 
 
         lxhhhlxbbbxA olol // 11   
         311 //
12
1
lxhhhlxbbbxI olol   
(3.7) 
All the expressions for the beam area and moment of inertia at any cross-section are composed in 
the wake of considering the variance along the length to be linear. So, here, L is the length of the 
beam, E is the young‟s modulus, or modulus of elasticity, I is the moment of inertia of the beam, 
ρ is the weight density, A is the area, „ρA/g‟ together gives mass per unit length. 
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Since we are considering only free vibration, the motion will be of the form  txztxy sin)(),(   
  z
g
A
x
z
EI
x
x
x
2
2
2
2
2












 (3.8) 
 
 
 
 
 
  
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 
  
  
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uhhhubbb
hhbb
du
zd
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zd
du
zd
lol
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lollol
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lo
3
24
2
2
2
2
3
3
4
4
112
632
































 (3.9) 
By proper approximation i.e.   
  
  
 and   
  
  
 and   
     
    
  the above equations get 
transformed to, 
 
 
 
 
 
  
     
 
  
 
  







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
















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

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

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2
2
2
2
2
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3
4
4
11
11
1
1111
116
11
13
11
12
u
zlk
uuudu
zd
uudu
zd
du
zd









 (3.10) 
Eq. 3.10 is the final equation of motion of a rectangular beam with a double - tapered cross-
section. It is then solved by numerical integration to give values of „lk‟ for various values of 
taper ratios for beam with a clamped-free boundary conditions. 
i.e, at x=0 or u= 0,   z=0 and 0
2
2

du
zd
 
At x=l or u=l, z=0 and
. 
0
du
dz
 
Then we get 


12
2 Eghk l  
The relation can be utilized as an examination while comprehending with FEA to demonstrate 
the impact of taper ratio on fundamental frequencies and mode shapes. 
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Chapter 4 
FINITE ELEMENT FORMULATION 
 4.1. Introduction 
 Finite element method is the most suitable technique for digitalized computers. It 
includes a body to be discretized into smaller bodies having equivalent system. Then the whole 
body is represented by assembling such small bodies. Every subsystem is comprehended 
separately and the outcomes so acquired are then joined to get solution for the entire body. The 
finite element method is relevant to the extensive variety of problems, including nonlinear stress-
strain relations, non-homogeneous materials and confounded boundary conditions. Such 
problems are typically handled by one of the three methodologies, namely,  
(1). Displacement Method or Stiffness Method 
(2). Equilibrium Method or Force Method 
(3). Mixed Method 
Our concern is particularly on Displacement method, is widely used method because of 
the simplicity and can handled easily with a computer. 
In stiffness method approach a body partitioned into a number of finite elements and 
these elements are interconnected at the joints called as „Nodes‟. The displacements in each 
element are represented by simple functions. The obscure magnitudes of these functions are the 
displacements or the displacement derivatives at the nodes. A displacement function is usually 
expressed as a polynomial.   
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A polynomial function should possess the following requirements, 
1. It is to be continuous within the elements and should be compatible between the adjacent 
elements. 
2. It should include the rotations and rigid body displacements of the element. 
3. Should possess a strained state that is consistent. 
4.1. Calculation of Shape Function: 
The tapered beam element is assumed to be with two degrees of freedom, one rotation 
and one translation at each node, as shown in figure 4-1. 
 
 
Figure 4-1 Schematic diagram of a tapered beam element with 2 degrees of 
freedom per node 
The Euler-Bernoulli beam equation is in view of the presumption that the plane normal to 
the neutral axis before deformation remains normal to the neutral axis after deformation. Since 
the beam is having 4 nodal variables, hence a cubic polynomial function y(x) is assumed as,
    
 
   33
2
210 xaxaxaaxy   (4.1) 
The slope can be computed, from the assumptions made for Euler-Bernoulli beam as, 
    
x=0 
x=L 
𝜃  
𝜃  
𝑦  
Y 
y1 
X 
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   2321 32 xaxaax   (4.2) 
Where a0, a1, a2, a3 are constants. Eq.4.1 can be written as, 
   













3
2
1
0
321
a
a
a
a
xxxxY  
     aCxY       (4.3) 
         
Where, 
   321 xxxC   and  













3
2
1
0
a
a
a
a
a  (4.4) 
 For convenient local coordinate system is taken x1=0, x2=l that leads to,  
 
;01 ay   
;11 a  
;33
2
2102 lalalaay   
;32 23212 lalaa   
(4.5) 
In a matrix representation, this can be written as,  
 





































3
2
1
0
2
32
2
2
1
1
3210
1
000
0001
a
a
a
a
ll
lll
l
y
y


 (4.6) 
                    aA  
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      1 Aa  (4.7) 
Substituting above value in Eq. 4.3, we get  
       1 ACxY  (4.8) 
    HxY   
     1 ACH  
Here,   ;
1212
1323
000
0001
2323
22
1




















llll
llll
l
A  (4.9) 
 
          xHxHxHxHH 4321
 Here, Hi (x) called as Hermitian shape function, 
  ,231
3
3
2
2
1
l
x
l
x
xH   
2
32
2
2
l
x
l
x
xxH   
  ,23
3
3
2
2
3
l
x
l
x
xH   
2
32
4
l
x
l
x
xH 
 
4.2.Stiffness Calculation of Tapered Beam: 
The Euler-Bernoulli equation for bending of the beam is, 
 ),(2
2
2
2
2
2
txq
t
y
A
x
y
EI
x


















  (4.10) 
Where, y(x, t) is the displacement of the beam in transverse direction, EI is the rigidity of the 
beam, ρ is the mass density and q(x, t) is the external pressure loading, x and t represents the 
 17 
 
spatial and time axis along the beam axis. We apply Galerkin‟s method or Weighted residual 
method to the above beam equation to develop the finite element formulation. The average 
weighted residual of Eq 4.10 is 
  




















l
pdxq
x
y
xEI
xt
y
I
0
2
2
2
2
2
2
0)(  (4.11) 
Where p is the test function and l is the length of the beam. The weak formulation of the Eq.4.11 
can be obtained by integrating by parts twice for the second term of the equation. By allowing 
the discretization of the beam into a finite number of elements gives, 
 0)(
01
2
2
2
2
2
2























   

ln
i dx
dp
MVpqpdxdx
x
p
x
y
xEIpdx
x
y
I
e e e  
  (4.12) 
Where, 
3
3
)(
x
y
xEIV


  , is the shear force, 
2
2
)(
x
y
xEIM


  , is the bending moment, 
Ψe is element domain and „n‟ is the number of elements of the beam. 
Applying the Hermitian shape function and the Galerkin‟s method to the second term of the 
Eq.4.12 brings about the stiffness matrix of the tapered beam element with rectangular cross 
section..i.e,  
      dxBxEIBK
l
Te

0
)(  (4.13) 
Where, 
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    "
4
"
3
"
2
"
1 HHHHB   (4.14) 
And, nodal degree of freedom for the corresponding element is, 
    Te yyd 2211   (4.15) 
In eq (4.14) double prime indicates the second derivative of the function. 
Since we assumed the beam to be homogeneous and isotropic, the modulus of elasticity, E can be 
considered as constant and taken out from the integration, then the eq 4.13 becomes, 
 













44434241
34333231
24232221
14131211
kkkk
kkkk
kkkk
kkkk
EK e  (4.16) 
 dx
x
H
x
H
xIEkk n
l
m
nmmn 2
2
0
2
2
)(




   (4.17) 
Where kmn (m, n = 1, 4) are the coefficients of the element stiffness matrix. 
By solving the above equation, we get the respective values of coefficients of the element 
stiffness matrix for the beam of rectangular cross-section, 
  
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













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

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

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









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l
II
l
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l
II
l
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l
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l
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l
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l
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l
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l
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l
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l
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l
II
l
II
l
II
l
II
EK
lolololo
lolololo
lolololo
lolololo
e
3)2(2)2(2
)2(2)(6)2(2)(6
)2(23)2(2
)2(2)(6)2(2)(6
22
2323
22
2323
 (4.18) 
Eq. 4.18 is the element stiffness matrix for rectangular cross sectioned tapered beam. 
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4.3. Mass Matrix of Tapered Beam 
Since, for dynamic analysis of beams, inertia force needs to be incorporated. In this case, 
transverse deflection is a function of x and t. The deflection is represented within a beam 
component is given underneath,  
 )()()()()()()()(),( 44332211 txHtyxHtxHtyxHtxy    (4.19) 
 













44434241
34333231
24232221
14131211
mmmm
mmmm
mmmm
mmmm
M e   (4.20) 
    
l
T
nmmn dxHHxAmm
0
)(  (4.21) 
Where mmn (m, n = 1, 4) are the coefficients of the element mass matrix. 
  
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M   (4.22) 
The equation of motion for the beam can be written as 
       0"  dKuM  (4.23) 
For  free vibration analysis equation implies, 
   0])[][( 2  tieKM   (4.24) 
Where, ω is the natural frequency of motion and {φ} is mode shape (Eigen vector). 
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Using the above equation of motion of the free vibration the mode shapes and frequency can be 
easily calculated. 
4.4. Buckling Theory 
The equation of motion in matrix form for the vibration of a beam under load is written as, 
          0 qKPKqM g  (4.25) 
Where, [M] =Consistent mass matrix, 
 [K] =Bending stiffness matrix of the beam, 
 [Kg]= geometric stiffness matrix, 
 {q}= displacement load, 
 P= External force vector 
For static stability,  
    0][][  qKPK gcre  (4.26) 
Where, 
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 
0
 (4.28) 
Where, mmn (m, n = 1, 4) are the coefficients of the geometric stiffness matrix
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4.5. Mathematical Formulation for Crack Stiffness 
A regular cracked uniform cantilever beam element of the rectangular cross sectional area 
with  „b‟ as the breadth, ‟h‟ as the depth of the beam and the depth of the crack are indicated by 
„a‟ as shown in fig.4.2.  
The left side end, which is fixed, is denoted with node „I‟ and right side node is denoted 
with „j‟. A shearing force „    and bending moment „    is subjected by the beam element. The 
overseeing equations of the vibration analysis of the uniform beam with open transverse crack 
are processed on the premise of the FEM model proposed by Zheng(2004).  
 
Figure 4-2 A regular cracked beam element which is subjected to shearing force 
and bending moment of rectangular cross-section area 
According Zheng (2004), due to the presence of the crack the additional strain energy is 
given by the following equation, 
     ∫     
 
 (4.30) 
Where, G = strain energy release rate, 
   = effective cracked area 
The strain energy release rate is given by, 
x 
y 
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 ] (4.31) 
  ,    ,        are the stress intensity factors for opening crack, sliding crack and tearing type 
cracks. 
By considering the effect of shearing force and bending moment, the above equation becomes, 
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Where,    and     are the correction factors for stress intensity factors. 
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Where s =  
 
 
 , ξ = crack depth during the process of penetration of the crack, which varies from 
zero to final depth. 
Using Paris equation,    = 
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The flexibility matrix for an intact tapered beam is given by, 
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Stiffness matrix      for cracked element is given as, 
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(4.38) 
    = [ ][      ]
  [ ]  (4.39) 
Where,[ ]   [
                
                
                
                 
],      = Length of beam 
[ ]  ̈  + [ ]    is the equation of motion for an undamped free vibration analysis of the beam 
which is reduced to  
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 [Kc ] - ɷ
2 
[Me] =0 (4.40) 
There will be no change in mass distribution due to the presence of crack. 
A computer program is developed to perform all the necessary computations in 
MATLAB environment. 
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Chapter 5 
RESULTS AND DISCUSSION: 
5.1. Introduction:  
The dynamic and static behavior of a beam can be studied with its stiffness properties. 
Structural defects are origin for local flexibilities results deficiency in structural resistance. The 
presence of cracks in a structure results, changes in its stiffness. We can observe the changes in 
the local flexibilities Structural deficiencies like cracks give deficiencies in the local flexibilities. 
In this chapter the following contents are discussed, 
1. Convergence study 
2. Comparison with previous data 
3. Results on the effects of various parameters on the vibration and buckling of intact and 
single cracked tapered beam are presented. 
A MATLAB code is developed to calculate the natural frequencies and mode shapes of 
the tapered cantilever beam by using the Finite element method. The solutions thus obtained are 
compared with previously established results to check the accuracy of the lower four natural 
frequencies for various crack depths and various crack positions.  
5.2. Numerical Problem for Intact Tapered Beam: 
 For numerical analysis a tapered beam is considered with the following properties: 
Properties: 
Length, l=240mm,  
Width of the beam at fixed end, b1=12×10
-2
 m. 
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Depth of the beam at fixed end, h1=20×10
-2
 m. 
Density = 7860 Kg/m
3 
Modulus of elasticity, E = 210 GPa. 
Poisson‟s Ratio γ = 0.3 
 Taper ratio‟s α=0.2 and β=1 
Where,   
  
  
 and   
  
  
 
b2, h2 are the breadth and the depth at the free end 
5.2.1. Convergence Study 
A graph is plotted between fundamental natural frequencies to the number elements. We 
can observe from fig. 5-1 that the frequency values are converging at minimum elements of 14 
 
Figure 5-1 Convergence of fundamental frequency of an intact tapered cantilever 
beam 
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Though the frequency is converging at a minimum of 12 elements, we are considering 20 
elements for more approximation 
5.2.2. Comparison with Previous Studies: 
The obtained frequency values are thus compared to Choudary et al. (1999) in Table 5.1. 
It is observed from the table 5-1, that the values obtained from the present study are in good 
agreement with the paper and the percentage error is acceptable.  
Table 5-1 Comparison of frequencies of an intact tapered cantilever beam with previous studies 
MODE 
Natural Frequency (Hz) 
% error 
Choudary et al.(2009) Present analysis (FEM ) 
MODE1 351.62 351.06 0.44 
MODE2 1271.54 1289.17 1.38 
MODE3 2925.31 3022.81 3.33 
  
5.2.3. Effect of Taper Ratio on Frequency for an intact tapered beam: 
The taper ratio factors are   
  
  
 and    
  
  
 , have the range from 0 to 1. 
 
Figure 5-2 Effect of α on frequency  for constant values of β  
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It is observed from fig. 5-2 that the frequency values are increasing rapidly for the depth ratio 
varying from 0.2 to 1, while the breadth ratio kept constant. More the mode of frequency more 
will be the increment. 
 
Figure 5-3 Effect of β on frequency  for constant values of α  
It is observed from fig. 5-3 that the frequency values are decreasing for the breadth ratio 
varying from 0.2 to 1, while the depth ratio is constant. 
For the same rate of increase in the tapering, frequencies are increasing rapidly for depth 
ratio α, whereas the breadth ratio β has a detrimental effect. 
5.3. Effect depth ratio on buckling load for an intact tapered beam: 
To study the effect of depth ratio factors on the buckling loads, a graph is plotted between 
buckling load and different values of depth ratio α. The beam is considered to be of constant 
thickness. The graph is shown in the fig. 5-4. 
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Figure 5-4 Effect depth ratio on buckling load 
It is observed that from fig. 5-4, the buckling load values increase more rapidly with an 
increase in depth ratio α than the depth ratio β. 
5.4.  Numerical Problem for Tapered Beam with Single Transverse Crack: 
For numerical analysis of the single cracked tapered beam is considered with the following 
properties: 
Properties 
Length, L=240mm,  
Width of the beam at fixed end, b1=12×10
-2
 m. 
Depth of the beam at fixed end, h1=20×10
-2
 m. 
Density = 7860 Kg/m
3 
Modulus of elasticity, E = 210 GPa. 
Poisson‟s Ratio γ = 0.3 
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 Taper ratio‟s α=0.2 and β=1 
Where,   
  
  
 and   
  
  
 
b2, h2 is the breadth and the depth at the free end 
Crack location χ = 0.5, a/hc=0.288 
Where, „a‟ is cracked depth and „hc‟ is the depth at the corresponding crack section. 
 
 
 
 
 
 
 
 
 
5.4.1. Convergence study: 
A graph is plotted between fundamental natural frequencies to the number elements. 
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Figure 5-5 Geometrical representation of crack 
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Figure 5-6 Convergence of fundamental frequency of a single cracked tapered 
cantilever beam  
 
It is observed from fig. 5-6 that the frequency values are converging at minimum elements of 12. 
Initially the fundamental frequency is decreased since the effect of crack in single element is 
more than more in number of elements. And also it is observed from figure 5-6 that from the 
element number four onwards the frequency got stabilized and is converging for the number of 
elements 12. 
Though the frequency is converging at a minimum of 12 elements, it is considered 15 
elements for more approximation. 
5.4.2. Comparison with Previous Studies: 
The obtained frequency values are thus compared to Choudary et al. (2009) in table 5-2 
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Table 5-2 Comparison of natural frequencies of a single cracked tapered cantilever beam with 
previous studies 
MODE 
Natural Frequency 
% error 
Choudary et al.(2009) 
(Hz) 
Present analysis FEM 
(Hz) MODE1 348.36 349.13 0.22 
MODE2 1230.03 1265.44 2.87 
MODE3 2923.00 3023.74 3.44 
 
It is observed from the table 5-2 that the values obtained from the present study are very 
nearer and the percentage error is acceptable.  
Table 5-3 Comparison of frequencies with previous studies for different values of crack depth 
and location 
 
Crack Present analysis (FEM) 
(Hz) 
Choudary et al. (2009)  
(Hz) Location   a/hc MODE1 MODE2 MODE1 MODE2 
Case 1 0.5 0.288 349.13 1265.44 348.36 1230.03 
Case2 0.6 0.292 346.01 1274.66 344.38 1242.13 
Case3 0.95 0.399 322.52 1207.10 307.34 1156.18 
Case4 0.99 0.5 293.90 1112.09 292.07 1097.61 
 
It is observed from table 5-3 that for different combinations of crack depth and locations 
the frequencies are compared with to Choudary et al. (2009). The frequency values are compared 
and tabulated below for different values of crack depth and location of crack. 
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5.4.3. Effect of Crack on frequencies at Various Locations in Tapered Beam for Fixed-
Free Boundary Condition 
The Non-dimensional natural frequencies are computed for the tapered cantilever beam 
for a crack considered at relative locations (L1/l) which can be represented by „χ‟ varies from 0.2 
to 0.9 with relative crack depths (a/hc) 0.1, 0.3 and 0.5 for constant depth and breadth ratio. The 
free vibration results are plotted in Fig. 5.6, 5.7, 5.8 and 5.9 for frequency mode 1,2,3 and 4 
respectively. 
 
Figure 5-7 Variation of first mode natural frequency of cracked tapered 
cantilever beam for different values of χ and a/h c  
It is observed from fig. 5-7 that, the first mode of natural frequency reduced 
approximately 0.27%, 3.45% and 13.93%for relative crack depths 0.1, 0.3 and 0.5 
respectively for location factor 0.2 from fixed end. And for the crack location factor 
0.9, from the fixed end, the non-dimensional frequencies are almost same as intact 
tapered beam. This implies that the non-dimensional frequency for first mode is 
maximum at free end compared to all other relative locations for any depth of the 
crack.  
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Figure 5-8 Variation of second mode natural frequency of cracked tapered 
cantilever beam for different values of χ and a/h c  
For the second mode of frequency, it is observed from fig . 5-7 that for the 
crack location factor 0.2, the natural frequency reduced approximately 0.23%, 
1.99% and 6.74% for relative crack depths 0.1, 0.3 and 0.5 respectively. And the 
maximum drop in the non-dimensional frequencies. 0.21%, 2.03%, 8.13% located 
for a crack location factor of 0.6 from the fixed end.  
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Figure 5-9 Variation of third mode natural frequency of cracked tapered 
cantilever beam for different values of χ and a/h c 
For the third mode of frequency, it is observed from fig. 5-9 that for the crack location 
factor 0.2, the natural frequency reduced approximately 0.15%, 0.76% and 2.26% for relative 
crack depths 0.1, 0.3 and 0.5 respectively. And for the crack location factor 0.9 from the fixed 
end the non-dimensional frequencies are reduced by 0.14%, 0.33% and 1.15%. The maximum 
drop in the non-dimensional frequencies 0.11%, 1.87% and 7.42% located for a crack location 
factor of 0.4 from the fixed end. 
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Figure 5-10 Variation of fourth mode natural frequency of cracked tapered 
cantilever beam for different values of χ and a/h c  
For the fourth mode of frequency, it is observed from fig. 5-10 that for the crack location 
factor 0.2, the natural frequency reduced approximately 0.09%, 0.20% and 0.44% for relative 
crack depths 0.1, 0.3 and 0.5 respectively. And for the crack location factor 0.9 from the fixed 
end the non-dimensional frequencies are reduced by 0.41%, 0.97% and 3.5%. The maximum 
drop in the non-dimensional frequencies 1.12%, 2.59% and 7.65% located for a crack location 
factor of 0.81 from the fixed end. 
5.4.4. Effect of Taper Ratio on Frequency of a single cracked tapered beam: 
 
Figure 5-11 Effect of β on frequency for constant values of α  
0.91
0.92
0.93
0.94
0.95
0.96
0.97
0.98
0.99
1
1.01
0 0.2 0.4 0.6 0.8 1
N
o
n
-d
im
e
n
si
o
n
al
 n
at
u
ra
l 
fr
e
q
u
e
n
cy
 ω
c/
ω
i, 
 M
O
D
E 
4
 
Relative position of the crack L1/l 
a/hc=0.1
a/hc=0.3
a/hc=0.5
intact
0
2000
4000
6000
8000
10000
12000
0 0.2 0.4 0.6 0.8 1
Fr
e
q
u
e
n
cy
 (
H
z)
 
depth ratio α 
For constant breadth ratio β 
mode1
mode2
mode3
mode4
 37 
 
It is observed from fig. 5-11 that the frequency values are increasing rapidly for the depth 
ratio varying from 0.2 to 1, while the breadth ratio kept constant. More the mode of frequency 
more will be the increment. 
 
Figure 5-12 Effect of β on frequency for constant values of α  
It is observed from fig. 5-12 that the frequency values are decreasing for the breadth ratio 
varying from 0.2 to 1, while the depth ratio is constant. More the mode of frequency,more will 
be the increment. 
For the same rate of increase in the tapering, frequencies are increasing rapidly for depth 
ratio α, whereas the breadth ratio β has a detrimental effect. 
5.5.Buckling of beam subjected to single crack for different end conditions of the beam 
The Non-dimensions buckling loads are computed for the tapered beam for a crack 
considered at relative locations (L1/l) which can be represented by „χ‟ which varies from 0.2 to 
0.9 with relative crack depths (a/hc) 0.1, 0.2, 0.3, 0.4 and 0.5 for different end conditions. 
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5.5.1. Fixed free beam: 
 
Figure 5-13 Variation of non-dimensional buckling load (Pc/P i) with respect to 
relative location of crack (L1/l) for different relative crack depths for  Fixed-Free 
beam 
It is observed from fig. 5-13 that for the crack location factor 0.2, the buckling loads 
reduce approximately 0.1%, 0.5%, 1.5%, 3.3% and 7.0% for relative crack depths 0.1, 0.2, 0.3, 
0.4 and 0.5 respectively. And for the crack location factor 0.9 from the fixed end the non-
dimensional buckling loads  are reduced by only 0.1%, 0.2%, 0.44%, 0.93% and 1.95% for 
relative crack depths 0.1, 0.2, 0.3, 0.4 and 0.5 respectively. This implies that the non-dimensional 
buckling loads for a fixed-free beam maximum at free end compared to all other relative depths. 
This implies due to the maximum bending moment cause by the buckling load. This is due to the 
fact that higher bending moment near the fixed end of a fixed-free beam results in the larger 
release of strain energy in the section due to a crack. Due to a larger release in strain energy, the 
beam becomes more flexible; hence there is a maximum drop of buckling load. As in a tapered 
beam the cross section increased from the free end to fixed end, for a particular location on the 
span subjects to minimum buckling load due to the combined effect of strain energy and taper 
variation. These results for a location factor of 0.65, the buckling loads are minimum such as 
0.1%, 1%, 3%, 6.5% and 13% for relative crack depths 0.1, 0.2, 0.3, 0.4 and 0.5 respectively.  
0.86
0.88
0.9
0.92
0.94
0.96
0.98
1
1.02
0 0.2 0.4 0.6 0.8 1N
o
n
-d
im
e
n
si
o
n
al
 b
u
ck
lin
g 
lo
ad
  
(P
c/
P
i) 
Relative location of crack (L1/l) 
a/hc=0.1
a/hc=0.2
a/hc=0.3
a/hc=0.4
a/hc=0.5
intact
 39 
 
5.5.2. Hinged-Hinged beam: 
 
 
Figure 5-14 Variation of non-dimensional buckling load (Pc/P i) with respect to 
relative location of crack (L1/l) for different relative crack depths for Hinged-
Hinged beam  
It is observed from fig. 5-14 that for the crack location factor 0.2, the buckling loads 
reduce approximately 0%, 0.02%, 0.05%, 0.16% and 0.24% for relative crack depths 0.1, 0.2, 
0.3, 0.4 and 0.5 from the larger section respectively. And for the crack location factor 0.9 from 
the larger section the non-dimensional buckling loads  are reduced by 0.3%, 0.75%, 1.55%, 3.2% 
and 6.77% for relative crack depths 0.1, 0.2, 0.3, 0.4 and 0.5 respectively. This implies that the 
non-dimensional buckling loads for a hinged- hinged beam maximum at free end compared to 
the fixed end. This implies due to the unsymmetrical bending moment cause by the buckling 
load. Due to a larger release in strain energy, the beam becomes more flexible, hence there is a 
maximum drop of buckling load. In a uniform beam with hinged- hinged end conditions, the 
maximum drop of load will be in the middle of the span. As in a tapered beam the cross section 
increased from the smaller end to larger end. This is due to the fact that higher bending moment 
at the middle of the span of a hinged-hinged beam results in the larger release of strain energy in 
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the section due to a crack. For a particular location on the span subjects to minimum buckling 
load due to the combined effect of strain energy and taper variation. This result, for a location 
factor of 0.78 from the larger end, the buckling loads are minimum such as 0.28%, 1.41%, 3.9%, 
8.54% and 16.67% for relative crack depths 0.1, 0.2, 0.3, 0.4 and 0.5 respectively.  
5.5.3. Fixed–Fixed  beam 
 
 
Figure 5-15 Variation of non-dimensional buckling load (Pc/P i) with respect to 
relative location of crack (L1/l) for different relative crack depths for Fixed-Fixed 
beam 
It is observed from fig. 5-15 that for the crack location factor 0.2 from the larger end, the 
buckling loads reduce approximately 0.16%, 0.86%, 2.37%, 5.14% and 9.77% for relative crack 
depths 0.1, 0.2, 0.3, 0.4 and 0.5 respectively. And for the crack location factor 0.9 from the fixed 
end the non-dimensional buckling loads  are reduced by 0.25%, 0.65%, 2.94%, 6.77% and 12.28% 
for relative crack depths 0.1, 0.2, 0.3, 0.4 and 0.5 respectively. This implies that the non-
dimensional buckling loads for a fixed-fixed beam maximum at the larger end compared to the 
smaller end. This implies due to the unsymmetrical bending moment cause by the buckling load. 
Due to a larger release in strain energy, the beam becomes more flexible, hence there is a 
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maximum drop of buckling load. In a uniform beam with fixed- fixed end conditions, the 
maximum drop of load will be in the middle of the span. As in a tapered beam the cross section 
increased from the smaller end to a larger end. This is due to the fact that higher bending 
moment at the middle of the span of a fixed-fixed beam results in the larger release of strain 
energy in the section due to a crack. For a particular location on the span subjects to minimum 
buckling load due to the combined effect of strain energy and taper variation. This result, for a 
location factor of 0.7 from the larger end, the buckling loads are maximum such as 0.44%, 
1.35%, 3.80%, 8.34% and 16.1% for relative crack depths 0.1, 0.2, 0.3, 0.4 and 0.5 respectively. 
And, for a location of 0.5 from the larger end the buckling loads are minimum such as 0.0%, 
0.01%, 0.02%, 0.05% and 0.10 % for relative crack depths 0.1, 0.2, 0.3, 0.4 and 0.5 respectively. 
5.5.4. Fixed-Hinged beam 
 
Figure 5-16 Variation of non-dimensional buckling load (Pc/P i) with respect to 
relative location of crack (L1/l) for different relative crack depths for Fixed-
Hinged beam  
It is observed from fig. 5-16 that for the crack location factor 0.2 from the larger end, the 
buckling loads reduce approximately 0.15%, 0.81%, 2.22%, 4.82% and 9.19% for relative crack 
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depths 0.1, 0.2, 0.3, 0.4 and 0.5 respectively. And for the crack location factor 0.9 from the fixed 
end the non-dimensional buckling loads  are reduced by 0.61%, 1.55%, 3.21%, 6.76% and 
14.57% for relative crack depths 0.1, 0.2, 0.3, 0.4 and 0.5 respectively. This implies that the non-
dimensional buckling loads for a fixed-fixed beam maximum at the larger end compared to the 
smaller end. This implies due to the unsymmetrical bending moment cause by the buckling load. 
Due to a larger release in strain energy, the beam becomes more flexible, hence there is a 
maximum drop of buckling load. In a uniform beam with fixed- hinged end conditions, the 
maximum drop of load will be towards the free end. As in a tapered beam the cross section 
increased from the smaller end to a larger end. This is due to the fact that higher bending 
moment nearer the hinged end of the span of a fixed-hinged beam results in the larger release of 
strain energy in the section due to a crack. For a particular location on the span subjects to 
minimum buckling load due to the combined effect of strain energy and taper variation. This 
result, for a location factor of 0.58 from the larger end, the buckling loads are maximum are 
equivalent to the intact beam. And, for a location of 0.81 from the larger end the buckling loads 
are minimum such as 0.7%, 1.8%, 4.83%, 10.4% and 19.97 % for relative crack depths 0.1, 0.2, 
0.3, 0.4 and 0.5 respectively. 
5.6. Effect taper ratio on buckling load of a single cracked tapered beam:  
To study the effect of depth ratio factors on the buckling loads, a graph is plotted between 
buckling load and different values of depth ratio α. The beam is considered to be of constant 
thickness. The graph is shown in the fig. 5-17. 
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Figure 5-17 Effect of taper ratio on buckling load for single cracked tapered 
beam 
It is observed that from fig. 5-17, the buckling load values increase more rapidly with 
increase in depth ratio α than the depth ratio β. 
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Chapter 6 
CONCLUSION AND FUTURE WORK 
6.1. Conclusion 
Free vibration and buckling analysis of a tapered beam subjected to a transverse crack has 
been carried out using Finite element method in Matlab environment. The following 
observations are concluded from the present study, 
 Mathematical formulation for free vibration and buckling analysis of a tapered beam with 
transverse open edge crack is presented. 
 Free vibration frequencies for both intact and single cracked tapered beams increase with 
increase in depth ratio (α) whereas the breadth ratio (β) has a detrimental effect. This is a 
very useful concept that can be used in structures or machine members where strength to 
weight ratio is important to be considered for minimal weight and highest strength, 
simultaneously increasing the fundamental frequency. 
 The natural frequencies for a single cracked taper beam are influenced by crack depth, 
location of the crack and taper ratio. 
 In a cracked tapered cantilever beam, the first mode of frequency has a maximum drop at 
the fixed end; the second mode of frequency has a maximum drop for a location factor of 
0.6 from the fixed end. Similarly, the third and fourth mode of frequencies has a 
maximum drop at a location factor of 0.4 and 0.81 from the fixed ends respectively. 
 Buckling loads for both intact and single cracked beam s increase rapidly with increase in 
the depth ratio α than breadth ratio β. 
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 For a Fixed-Free tapered beam subjected to a single transverse crack, the maximum drop 
in the buckling load is in the location factor of 0.65 from the fixed end. This is due to the 
combine effect of strain energy and tapering effect. 
 For a Hinged-Hinged tapered beam subjected to a single transverse crack, the maximum 
drop in the buckling load is in the location factor of 0.78 from the larger end.  
 For a Fixed-Fixed tapered beam subjected to a single transverse crack, the maximum 
drop in the buckling load is in the location factor of 0.7 from the fixed end.  
 For a Fixed-Hinged tapered beam subjected to a single transverse crack, the maximum 
drop in the buckling load is in the location factor of 0.81 from the fixed end.  
 With the study of vibration of the tapered beam, possible detection of the crack can 
estimated. 
6.2. Scope of the Future Work 
 An experimental study can be carried out for free vibration and buckling behavior of 
tapered cracked beam with transverse crack. 
  Present study can be further extended to Dynamic stability. 
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